Tai li&u ndng cao MTCT - Phan Thanh Hung - THCS Nguyén Gia Thiéu

CHUYEN DE 1. TiM SO TYU’ NHIEN

Tac gia: Phan Thanh Hung (PTNK, PHQG TP. HCM)

L. Gidi thiéu
Chuyén dé nay s& dé cap tdi cach giadi cda bai todn sau:

“Tim sé tw nhién X nhd nhdt cé m chir sé thda X chia a dv b va X chia c dw d”.

. Loigiai
Loi giai tdng quat cla bai todn nhuv sau:
Ta viét lai nhu sau:

{X=a-q1+b
X=c-q,+d
V6iqy,q, € N

2 a-qu+b=c-q;+d

= qlzc-q2+d—b

a

Trudc hét, ta kiém tra xem liéu cé ton tai g; nguyén hay khong bang cach duwa vé dang
phuong trinh diophantine:

a-qgu+b=c-q,+d
a-qgu+ —c-qu=d-—>b
D4y la mot phuong trinh diophantine tuyén tinh (c6 dang ax + by = c). Phuong trinh
nay tén tai nghiém x, y nguyén khi va chi khi ¢ chia hét cho gcd (a, b).
= Bai todn chi tén tai nghiém khi d — b chia hét cho gcd (a, ¢).
= [!] Tai liéu tham khao thém:
https://en.wikipedia.org/wiki/Diophantine_equation#One_equation

Lwu y: Néu doc xong doan nay ché hiéu gi thi ctr nhé phén in daém / gach chén la dd.

n A g eie s A e s Cox+d=b .
Lap table duyét gia tri x tir 0 tro 1én cho tdi khi tim dwoc x dau tién ma % la mot
s6 nguyén khéng am thi dirng lai. Ta dat V = ¢ - x + d, lGc nay g 1a sé nguyén khong am
nhd nhat théa man diéu kién chia a du b va chia c du d.

Ta can tim s6 L nhd nhat sao cho V + L van thda man diéu kién nay. Biét rang,

V = b (mod a)
{V = d (mod c)
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V+L=b(moda)

Can tim [ nho6 nhat thoa man: {V + L =d (mod c)

= L =0 (moda)vaL =0 (modc) vaL lanhd nhat.
= LI1aBCNN cla avac hay L = lcm(a, ¢).

Do vay néu V théa man diéu kién trén thi V + L cling thda man diéu kién trén, dan tdi
V +L-k (Vk € N) cling phai thda man diéu kién nhu vay. Hay X la mot s6 nguyén khéng
am nhé nhat cd m chir s6 cé dangV + L - k.

S6 nguyén khdng am nhoé nhat cé m chir s6 1a 10™ 1,
Ta co:

X=V+L k>10m1

> 10m- 1 -y
o L
10m-1—vy
min = f

10™

_l_V] ([x] 13 ham ceiling).

Vay gid tri ki, can tim dé X dat nho nhat va cé m chir sé la [ -

m—1_
KétqualaX =V +Icm(a,c) X [10 V]

v&i V 1a s8 nguyén khéng 4m nhé nhat thoa diéu kién chia a dw b va chia ¢ du d, cé thé
tim bang tinh nang table.

. Tong quat héa

Gia st ta can tim s6 X nhd nhat c6 m chir s6 thoa man n diéu kién sau: X chia a, du b,, X chia
a, du b,,..., X chia a,, du b, hay:

X = by (mod a,)

X = b, (mod a,)

X = b, (mod a,)
Dwa vao bai todn trén, ta d3 cd |&i gidi cho 2 diéu kién:

{X = b; (mod a,)

X = b, (mod a,) (1)

Ldc nay, dat L = lem(aq, a,) va V la sé nguyén khdong &m nho nhat thoa (1) thi X ¢ dang V +
lem(ay, a,) - k (da gidi & bai todn trén). Tir d6 ta nhan thdy mét diéu dé chinh la:

{X =V (mod L)
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Do dé, ta c6 thé nhom hai diéu kién bat ki thanh mot diéu kién chung, tir d6 1an lugt gidm so
diéu kién ta can xr ly xuéng cho td&i khi con ding 2 diéu kién, ta xr ly y hét bai todn trén. Cu thé:

({X = b; (mod a,)
X = b, (mod a,)
X = b; (mod a3)

X = b, (mod a,)
{X =V (mod L)
X = b3 (:mOd a3) = conn — 1 diéu kién

X = b, (mod a,)

C&r nhédm 2 diéu kién vai nhau nhu vay, cho téi khi con 2 diéu kién cudi cung, ta x& ly y hét nhu
bai todn trén va tim ra dwoc dap an.

Iv. Mé& rong: mot cach giai “nhanh hon”? [NANG CAO]

Nhan thay rang, viéc chay table rat t&n thdi gian va cé nhiéu treong hop khi ta phai chay x 1én
tdi ca tram, hodc cd ngan thi mdi tim ra dugc nghiém. Do do, ta bién déi bai todn tré vé dang
phuong trinh diophantine tuyén tinh nhu d3 lam & trén:

a-q1+ —c-qp=d—>b (*)
DPat g = gcd (a, ¢). Bai todn cé nghiém khi va chi khi d — b chia hét cho g.
Trong d6, ta c6 thé giai bai todn sau:
ax + by = gcd (a, b)

bang cach sir dung thuat toan Euclid m& rong. Do dd, ta bién di phuong trinh (*) thanh dang:

a-q+ —c-q;=9
. 2 n s . 2 n n 2 by d_b - ~e . by n
Sau khi st dung thuat toan Euclid ma& rong, ta nhan ca q; va q; cho 5 bién d6i lai va nhan
dugc nghiém g, va q, cho phuong trinh (*) can giai.

Trén ly thuyét ta c6 thé tim ra nghiém cua bai toan chi trong khoang xap xi log;,(min (q, ¢))
lan chay, nhanh hon rat nhiéu so v&i cach lam chay table tirng sé mét nhu cli, nhung hdu hét cac
bai toan trong MTCT khdng can téi wu dén mirc nhw vay vi chi can chay table t&i vai chuc sé 13 d3
tim ra két qua roi. Ngoai ra, viéc cai dat thuat todn ndy vao may tinh Casio rat dai dong va khéng
hé dé dang chut nao. Do vay, cach Iam cii vAn duwoc wa chudng nhiéu hon. Tuy nhién, néu ban d3
quen cach nay va quen ludn cich cai dat roi thi day 1a moét cach gilp ta tiét kiém duoc mét it thoi

gian lam bai.
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V. Gi¢i thiéu chwong trinh Scratch giai dang bai nay ty dong

Truy cap chwong trinh Scratch sau: https://scratch.mit.edu/projects/1048936510

Xem céch sir dung chuong trinh trong phan Instructions va nhap dit liéu vao mong mudn.

Vi du két qua vdi bai toan sau:

Tim s6 ty nhién x nho nhat ¢6 10 chir s6, biét x chia cho 17 du 5. chia
cho 29 du 11 va clhia cho 43 du 25.

Sau khi nhap dit liéu bai toan vao tuwong &ng, ta nhan két qua sau:

Tim s6 tw nhién

by chxcOny
] .2 Instructions
St dung dé tim s6 tw nhién x NHO NHAT c6 TOI THIEU
# chir s6 biét sd dw clia x cho nhiéu sé nguyén dwong

- Made bu: IAZ hc.

vile Céch st dung:
1. Nhap sb chi s6 TOI THIEU cla x.

7 Nhin A r3n A dir (mAt ~r3n a h nahia 13 v chia a die

Notes and Credits

- >

.accuracy digits

x=1000000457

VGi k=47172 Tao béi: Lop 9A2

1

: (CH o * Néu c6 I6i hodc gép ¥, hay binh luan xudng dudi :)
Cong thire tim x 1a:

:

21199'k+1229 [PONG BiNH LUAN = BAQ TRI]

+ length3 =+ |length3 =#
g g Phiédn han: v

Qo o GO @12 ® Jul 23, 2024

That vay, 1000000457 |a két qua bai toan.

Fun facts vé chuwong trinh nay :D

- N6 duoc tao ra bdi chinh minh vao 1 ndm trwéc khi minh qud chdn va khéng cé gi lam cd

- Thudt todn duoc st dung dé tim ra két quad (chay table) khéng phdi la thudt todn tét nhdt, van con
cdch nhanh hon g thudt Euclid mé réng. Tuy nhién, héi dé do trinh d6 con ga nén minh ding thugt
todn dé, nhung thudt todn mdi la Euclid mé réng thuec ra cdi dét ciing chdng dé ti ndo ;o)

- Cling dd hon 1 ndm tir 1an cudi minh check lgi dw dn nay rdi nén chwong trinh van cé thé xdy ra 16i
vé két quéd ;_o. Néu cé ct» manh dan lién hé minh d€ minh siva lai nhé :D
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