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SO HOC
THUAT TOAN EUCLID MO RONG - GIAI PHUO'NG TRINH DIOPHANTINE

Tac gia: Phan Thanh Hung (PTNK, PHQG TP. HCM)

I Gidi thiéu
Cho bai toan sau:
“Tim nghiém nguyén x, y biét:
ax+by=c (1)

vdia, b, c la sé nguyén.”

1. Thuat toan

Théng thudng, ta cé mot s cach gidi nhanh. Néu tap gid tri cha x, y nho thi ta c6 thé thi
hé&t moi gia tri cla x hodc y trong mién cho trudc va tim ra nghiém. Tuy nhién, ta cadn mét
céch 1am téng quét hon.

1. Thuat toan ngay tho
Ta bién doi:

ax+by=c
c—ax

b

>y =
Do d0, ta chi can duyét qua tirng gid tri nguyén cta x va néu y la sé nguyén thi ta nhan
dugc nghiém can tim. Ta c6 thé st dung tinh ndng table dé giai quyét.

Phan tich d6 hiéu qua: Néu mién gia tri cda x tir L t&i R thi sd vong 13p can duyét qua la R —
L + 1. Né&u gid tri nay rat I&n thi rd rang thuat toan nay khéng hiéu qua.

2. Thuét todan téi wu

Ta c6 thé chirng minh dugc phuong trinh (1) c6 nghiém khi va chi khi ¢ chia hét cho
gcd(a, b).

Tham khao chirng minh:
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- https://www.math.ualberta.ca/~dam/Math324/Idequations.pdf
- https://principlesofcryptography.com/number-theory-primer-the-

diophantine-equation-ax-by-c/

Véi g = ged(a, b), ta gidi phuong trinh sau:
ax'+ by =g (2)
Né&u tim dugc nghiém cla phuong trinh trén, cé thé dua vé phuong trinh (1) bang cach
nhan ca hai vé vdi g.
. C By c c
ax -— y PR g R
) g g
© ax+by=c

Ta c6 hai cach dé gidi phuong trinh (2), déu s dung thuat toan Euclid mé rong.

4+ Thuat toan 1:
Thay vi gidi tryc tiép phuong trinh (2), ta dua vé bai todn khac la giai:
(b) - x; + (amodb) -y; = g

Néu tim dugc nghiém x4, y,, ta cé thé bién déi dé khdi phuc lai duwoc nghiém x’,y' cda
phuong trinh (2) nhuv sau:

bx, + (a—b : I%J))ﬁ = bx; +ay, —b[%Jh =a(y,) +b(x1 -1 l%]) =g

Dodd, x' =y,¥y' =x1 — 1 I%J

Nhan thdy gcd(a, b) = gcd(b, a mod b), néu ta lién tuc thyc hién viéc dua vé céc bai toan
con, cho téi khia = g, b = 0 thi lic nay ta dugc truong hop co so:

gx'+0y' =g

= Tai truong hop co sd, x’ = 1,y’ = 0 dé théa man phuong trinh trén, tir d6 ta truy
nguoc 1én cac phuong trinh ta d3 di qua va khéi phuc lai cic nghiém géc, tir d6 giai
dugc phuong trinh (2).

+ Thuit toan 2:

Dwa trén clung y twdng vdi thuat toan 1, nhuwng cach xtr ly lai khac.
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https://www.math.ualberta.ca/~dam/Math324/ldequations.pdf
https://principlesofcryptography.com/number-theory-primer-the-diophantine-equation-ax-by-c/
https://principlesofcryptography.com/number-theory-primer-the-diophantine-equation-ax-by-c/
https://en.wikipedia.org/wiki/Extended_Euclidean_algorithm
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‘Dét a = apgXg + boyo, b = ApXq + boyl
V&i ay, by la a, b ban dau va x,, o, X1, ¥1 1a cac hé sé.

Dé thay, tai truong hop co sd, xo = 1,y, = 0,x; = 0,y, = 1.

Luc nay, ta s& gén a, b 1an lwot thanh b va a mod b.
Nghia la:
a=b>b=agx; + byy,
b=a-b [%J = aoXg + boYo — (apxy + boy1) - l%J
a a

= aoXo + boyo — Aoy lEJ = boyy - [EJ

S )
= (X0,¥0) = (x1, y1) va (xg,y1) = (xo - Xy EJ Yo~ V1 EJ )
Ta lién tuc bién d&i nhu vay cho téikhia = g, b = 0.

Via = ayxg + bgyy = g nén (xy, ¥o) chinh la mét nghiém (x', y") cta phuong trinh (2).

4+ Viéc can lam tiép theo:
Sau khi tim dwoc nghiém x’, ¥’ thda mén, ta nhan ca hai nghiém do véi g dé tim ra nghiém

X,y cla phuong trinh (1).

+ [*] Tim tat ca cac nghiém

Bién d6i phuong trinh (2):

ax'+by' =g
(:)ax’+a—b+by’—a—b=g
g g
(:)a(x’+2)+b(y’—g)=g
g g

Do vay, néu ta tim dugc mot nghiém (x;, yg) bat ki thi tat ca cac nghiém cta phuong trinh
(2) c6 thé tim dugc dudi dang:
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! ! a t
y =y——-
° g

V&it € Z. Tlr d6, ¢ thé xac dinh tat ca nghiém dua vao cong thirc tong quat trén.

+ Cai dat:
Cé thé thay, thuat toan 1 dugc chia thanh 2 giai doan. Tai giai doan 1, ta s& lién tuc duyét
tdikhia = g, b = 0. Giai doan 2 truy nguoc lai va khoi phuc lai nghiém. Con d6i vai thuat

toan 2, ta duyét mét 1an duy nhat va tim ra nghiém luén. Do vay, déi vdi may Casio fx-
580VN X, ta sé vu tién cai dat thuat todn 2 vi n6é nhanh va gon.

Va sau day la cai dit mau cla thuat toan 2:

C
M=0xyABCD+Int(B):Z=A:A=x—MA:x=Z:Z=B:B=y—MB:y=Z:Z=D:D=C—MD:

-Gidtribandau:x =1,y =0;,A=0;B=1;C =hésoa;D = hésob
- Cach dung: nhap cac dit liéu vao theo d@ bai, sau d6 13p da cau lénh cho t&i khi gép “L6i

phép tinh” (Math ERROR) thi dirng. Nghiém x’, ¥ [an luvgt nam trong bién x va y.

Phan tich d6 hiéu qua: S6 vong Idp duyét qua dd dugc chitng minh la khoang log min(a, b)
(ban cé thé tham khdo tai day). Do vay, thuat todn nay rat hiéu qua.

D6i v&i dong mdy Casio fx-880BTG, ta c6 thé cai dat thuat toan 1 bang tinh ndng spreadsheet.
Phan cai d&t trén dong may dé duoc coi nhu 13 bai tap vui vé danh cho ngudi doc. Hudng dan
cai dat sé dwoc minh chia sé sau.

TOM TAT THUAT TOAN:

C
M=0xyABCD+Int(5):z=A:A=x—MA:x=z:z=B:B=y—MB:y=z:z=D:D=C—MD:

-Gidtribandau:x =1;y =0;A=0;B=1;C =hésoa;D =hésob

- Cach dung: nhap cac dit liéu vao theo d@ bai, sau d6 13p da cau lénh cho t&i khi gép “L6i
phép tinh” (Math ERROR) thi dirng. Nghiém x’, v’ [an lwgt nam trong bién x va .

Chu y: Sau khi thu dwoc nghiém x', y' cla phwong trinh, ta nhan ca x’, y' cho g dé timra

nghiém géc. Nghiém géc cla phuong trinh la x = x” - (g);y =y’ (2) .
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https://cp-algorithms.com/algebra/euclid-algorithm.html#time-complexity

