Tai li&u nang cao MTCT - Phan Thanh Hung - THCS Nguy&n Gia Thiéu

Chuyén dé nang cao:
Thuét toan Pollard’s rho — Tim wéc cia mot ho'p sd

Tac gid: Phan Thanh Hung (PTNK, DHQG TP. HCM)

Gidi thiéu
Cho bai toan sau:
“Cho mét hop sé n, hdy xdc dinh mét wdcsé D cuian saochol < D <n”

- Lwuy:
o Hop sb la sé tu nhién 1én hon 1, ¢6 nhiéu hon hai wdc (chia hét cho 1, chinh
né va it nhat mot s khac).
o Nhitng s6 D théa man 1 < D < n va n chia hét cho D dwoc goi l1a wéc khong
tam thwéng (non-trivial divisor). T gid tré di, minh s& goi chung 1a D.

Chu thich

DO phirc tap thoi gian

Do phrc tap thoi gian, dwoc viét dudi dang Big-O. DAy 1a thudc do téc dd cla thuit toan.
NG cho biét khi s6 cang I&n thi may tinh s& mat thém bao nhiéu buwdc tinh toan dé ra két
qua. Ky hiéu 0(...) giup ta phan loai thuat todn nao “nhanh” hay “cham”.

C6 thé néi, 0(f(n)) nghta 1a s6 vong I3p s& ti 1& thuan véi f(n). Khi biéu dién, ta c6 thé
lwvgc bd cac hang s6 va cac thanh phan bac thap khéong ddng ké.. Vidu: 0(3n + 2) = 0(n),
0(mn? + n) = 0(n?),...

Ky hiéu boolean co’ ban

La cdch may tinh hiéu ding/sai dudi dang con sé 0 va 1.
- True (PUng): Twong &ng vdiso 1.

- False (Sai): Twong &ng vdi s6 0.

Phép toan logic trong bai:

- AND (A): Chi dung khi ca hai cung dung.

- OR(V): Chi cdn mét cai dung 1a dung.

- NOT (~): Pao nguoc (0 » 1,1 - 0).

Ung dung trong phan t&i: Ta sé dung cac biéu thirc todn hoc dé ép mdy tinh thuc hién
logic dang “Néu dung thi lam A, néu sai thi lam B” ma khdng can nut 1énh diéu kién if-else
chuyén dung.
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Thuat toan

Thuat toan vét can

N&u D > +/n thi ton tai mot wdc khong tam thuong D’ khac sao cho D' = % < +/n. Do dé,
ludn ton tai gia tri D < +/n, nén ta co thé dé dang tim D bang cach chi can duyét tir 2 t&i

Vn. Ta c6 thé st dung tinh ning table, da cau I&énh, hodc tot nhat la dung biéu thirc sau:

Int(vn)+1

2. ;

& \n-Dxnt(3)
V&i A ban dau cé gia tri 1a 2. Sau d6, ta Ian luvot thi nang A 1&n cho tdi khi biéu thirc trén
chay duoc trén may tinh ma khong bao 16i Math ERROR. Thi gid tri l&n nhat clia A ma biéu
thirc trén con bao 16i chinh 13 gia tri D can tim.

- Lwuy: Thuc ra ddy mai la mot trong nhirng cach lam nhanh, gon va 6n dinh nhat dé
xac dinh wéc cia mot s6, minh s& viét mot bai viét hwéng dan cach tim wdc, phan tich
thira s6 nguyén t6 bang ky thuat trong biéu thirc trén.

2. Thuat toan Pollard’s rho

a. Nghich ly ngay sinh nhat (Birthday Paradox)

“H3y tudng twong ban dang & mot bira tiéc nhé, chi cd khodng 23 ngudi. Cha
nha bong nhién cao hing tuyén bd: "Toi ca 2 triéu dong |a trong phong nay cé it
nhat hai ngudi trung ngay sinh nhat vdi nhau!"

Ban nhin quanh can phong. Chi cé 23 ngudi, trong khi mét ndm cé tin gan 367
ngay. Ti 1& dé ai d6 trung ngay sinh v&i nhau chiac han phai cyc thap. Ban tham
nght: "Kéo thom! Xac suat tring chac chi tam 6-7% la cung." Ban gat dau cai rup,
hy vong kiém dwoc tién triéu dé dang.

Nhuwng khi chd nha bat dau hdi tirng ngudi... Bum! C6 mét anh chang va mét
cb nang cung hd 1én "Ngay 02 thang 02". Va d6 |1a cdch ma ban lam mat 2 triéu :<”

Vay diéu gi khién ban sap bay, cé phai chdng ban d3 qua ngay tho va dai kho? C6 18
mot phan la vay that, nhwng, sai [am |&n nhat véi nhitng ngudi gidi nhu ban la viéc
ban chi nght t&i viéc "cé ai trung ngay sinh véi MINH khong?". Néu ding 1a nhu vay,
ban dung, ti 1é rat thap. Tuy nhién, thyc té thi ta dang xét tdi viéc cd6 mot cdp (bat ki
cap nao) cé trung ngay sinh la dwgc. Do d6, vdi 23 ngudi, s6 lwong cip 1én tdi 253 cap.
Luc nay, bang gidc quan ciling thay, ti [& xuat hién mot cip thuc sy trung nhau da ting
dang ké.

VAay cu thé 1a nhu nao? Ta sé di tim xdc suat khdng cé cdp nao cé cung ngay sinh.
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o Nguoith nhat c6 365 lya chon ngay sinh, ti lé la 365/365
o Ngudith hai co 364 Iya chon, tilé la 364/365
o Nguoith ba cé 363 lya chon, tilé la 363/365

C& nhu thé tdi ngudi cudi cung. D& chung xay ra dong thdi, ta nhan cac ti & lai vdi
nhau:

365>< 364>< ><343 . 049
365 365 7365

Nghia 13 chi c6 khodng 49% co hdi dé khdng c6 cap nao cé ngay sinh trung nhau, hay
c6 téi khodng 51% co hoi dé it nhat mét cdp trung nhau!

Va véi mot bira tiéc cd 36 ngudi thi xac suat nay 1én tdi 83%, 50 ngudi thi xac suat nay
la 97%, mot bita tiéc 67 ngudi thi xac suat nay la 99%.

Téng quat Ién, ta c6 xac suat dé trong s6 k ngudi thi cé it nhat mdt cap trung ngay sinh

trong moét nam cé S ngay la:
k-1

e

k2
Ngudita d3 xap xi gia tri trén bang 1 — e zs bang mot vai “ky thuat tha vi”.

(*) DE xac suat ton tai mot cdp trung ngay sinh 13 khodng 50% thi s6 ngudi can la:
kZ

1—e 25 ~05o k~V=25-1n05 ~ VS

b. Thuét toan tim chu trinh Floyd (Rua va Tho)
Xét mdt d6 thi ham sé (functional graph, trong ly
thuyét d6 thi) cé huwdng cé hinh dang gidng chir rho
(p) nhu hinh bén phaiva c6 ding mot chu trinh.

Ban dau, cd mét chd rua va chd thd & vi tri a,. Sau
mdi don vi thoi gian, rua sé di chuyén 1 6, con thé sé
di chuyén 2 6 theo huéng miii tén. Ta nhan thay rang,
sau mot khoang thoi gian, ca hai sé cung tién vao mot
vong lap, va dén mot luc nao do, ching sé cung &
chung mét 6 trong cung thoi diém trong chu trinh.

Virlta dichdm hon thd nén ta sé chi xét rlia v&i trudng hop té nhat. Trwdce khi tién vao
chu trinh, rua di nhiéu nhat a budc, véi a 1a s6 dinh khdng nam trong chu trinh. Va
khi ca hai d3 cing nam trong chu trinh, vi rua di cham hon thé 1 buwdc nén ct sau moi
mét don vi thai gian thi khoang céch gitra rua va thé trong chu trinh giam di 1. Do d4,
chuiing s& gap nhau trong t8i da la 8 budc (don vi thei gian) véi B 1a s6 dinh nam trong
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chu trinh. Do d6, téng s6 budc la 0(a + B) = 0(n) v&in la téng s6 dinh trong d6 thi.
Vay do phirc tap thoi gian clda thuat todn nay la 0(n), va diéu quan trong nhat, do
phtrc tap khéng gian thém 1a 0 (1) do ta chi khéi tao mét vai bién (rua va tho).

THUAT TOAN CHINH (Pollard’s rho) X

Dau tién, chon mot ham I3p, dién hinh nhat 1a: w /
f(x)=(x*+c)modn 0 oXe
. N N > ~ A
V&i ¢ 1a mo6t hang so. o
Tao day:  xg,x1 = f(xg), x5 = f(x1), ., x; = 0 O
A X3

Vilady mod n, d3y cudi cung cling sé 13p lai (chu ki),

fxiz1). x;é 312 0

tao thanh mét hinh dang d6 thj hinh rho (p) giéng  x o
nhu dd thi trong phan Thuit todn tim chu trinh A
Floyd (Rua va Thé) phia trén. ¥ 0

Xét tap S la cac gia tri phan biét dugc sinh bédi ham Idp. Gia sir ta tim dwoc haisd x,y €
S va x # y sao cho:

x =y (mod D)
Thi D la wéc cla |x — y|.
Khidé, g = GCD(|x — y|,n) = D, tacé thé dé dang tim ra dwgc D néu thda man diéu
kien 1 < g < n.Néu g = 1, ta ti€p tuc thi lai v&i x, y khdc. Néu g = n, ta thi lai vdi
mot tap hop S khac, nghia la mot ham [ap khac.

V&i D la wdc cha n, cac gid tri trong S khi chia 18y du cho D chi ¢6 téi da D gia tri phan
biét. Theo Nghich ly ngay sinh nhat (Birthday Paradox), dé xac suat tim dugc mot cap
X,y théa man x = y (mod D) vugt qua 50% thi s6 lan chay thir can la = 0(\/5) «
O(ﬁ) Do vay, viéc thuat todn tim dworc gia tri D théa man la rat nhanh. Lic nay, ta
chi can mé phong lai Thuat toan tim chu trinh Floyd (Rua va Thé) bang cach:
+ Khaitao mot bién x,y, déu mang gia tri ngiu nhién ban dau.
+ KhoitaoD = 1.
+ L3pchotdikhiD = 1:
» x=f(x) // rua
= y=f(f@y) //thd
* D:=GCD(|]x —y|,n)
£ NEu D = n - thir lai ham f v&i mot hang s6 ¢ mdi.
+ NE&u D # n thita d3 tim dwoc D thoa man.

Nhu d3 phan tich, sau khodng 0(+v/D) Ian 13p thi ta s& im dwoc mét gid tri rng c vién
cho D, va qua thyc nghiém va phan tich cho thay, s6 lan phai thir lai ham f 1a rat it, c6
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thé coi la hang s& trung binh O (1) néu cac tham s8 dugc chon ngau nhién. Do vay, do
phirc tap trung binh cla thuat toan 13 0(V/D) véi D la wéc khong tam thudng nhd
nhat cla n, nghia 1a dd phirc tap trung binh téng thé 1a 0(3/n). D6 phirc tap khong
gian la 0(1), nho vao thuat todn tim chu trinh Floyd.

e Lwuy: V3dinlasé nguyén td, khéng tén tai uwdc s6 khdng tam thudng, do vay
thuat todn khéng hoat déng hiéu qua duoc. Vi thé, ta can phai dam bdo n la
hop sé trudce khi chay thuat todn Pollard’s rho. Théng thudng, ngudi ta cé thé
str dung phép th(r s6 nguyén t6 Rabin - Miller dé kiém tra.

» Cai dat vao CASIO

Ta can x& ly diéu kién “I3p cho t&i khi D # 1”. Ta c6 thé tao mét bién F cho phép ta
quan ly viéc “co lap ti€p hay khong?”. Néu F = 0 thi nghia la D # 1 va ta cho dirng
vong |3p. Nhan thay:

{F=0, néuD—-1+#0
F=1, néuD-1=0

Ta c6 thé dung ham cos  dé xac dinh gia tri F. Xét don vi la radian,

{lent(cosx)=0, ox#+0,x€EN
F = Int(cosx) = 1, ox=0x€EN

Luc nady, néu tiép tuc vong lap, gid tri x,y s& gilt nguyén dé chay ti€p, ta co thé xur ly
ching mét cach don gidn bang phép gan:

{x =((1-F)x+ Fx
y=0-F)x+Fy

Ti€p theo, ta can xt ly viéc dirng thuat toadn. Ta dirng thuat todn khi 1 < D < n, nghia
la D # 1 VA D # n. Theo Dinh luat De Morgan trong logic hoc va toan hoc tap hop,
diéu dé twong duwong véi viéc khéng phai (D = 1 hodc D =n) xdy ra. Cu thé:
(D =1)A-(D =n) =-=(D =1VD =n). Néu xét ching |a mdt dai lwgng mang
giatrio/1thinghfala (D =1)+ (D =n) =0 < F + (D =n) = 0. Nhan thdy rang
ta c6 thé c6 tinh ép may tinh gay 16i d& bao dirng bang cach dua biéu thirc trén xudng

mau s6 clia mdt phan s6 d& may bao Math ERROR.

DE& md phéng gid tri boolean cta D = n, ta ¢6 thé dung k§ thuat ham cos & trén.
Do d9, biéu thirc gitp ta dirng vong ldp 1a: 0 =+ (F + Int(cos(D — n))).

Két hgp nhitng thir & trén, ta cé mot thuat todn hoan chinh cai dugc vao may tinh
Casio fx-580 VN X:
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x = OMFD + (1 — F) x RanInt#(2,M — 2) + Fx:
y=0—-F)x+Fy:
C =(1—F)xRanInt#(1,M — 1) + FC:

x=x%+C— Mn t(x +C)
y=y2+C— Mlnt(y 2).

y =y2+C — MIn t(y +C)
D = GCD(|x — y|, M):
= Int(cos(D — 1)):

0+ (F + Int(cos(D — M))

Khaitao: M = s6 can phan tich, F = 0, cac bién con lai d€ nguyén khéng am tuy y.
Cach dung: Lap da cau Iénh t&i khi gdp Math ERROR thi dirng, két qua trong bién D.

Két ludn & Tinh kh3 thi chia thuat toén trong thyc té

M3c du c6 d6 phire tap 0(3/n), thuét toan nay chi phit hop véi 1ap trinh thuc t&, viec
bam da cau I&nh thl cong trén mdy tinh cadm tay van 1a rat cham, déc biét Ia trong
phong thi. Minh viét bai nay nham muc dich hoc thuat, va ciing cho thay ring, ta hoan
toan cé thé thir thich gidi han va cai mot thuat todn phirc tap nhu Pollard’s rho vao
chiéc may tinh cdm tay nhé bé xinh xan cute phd mai que dé hudng nay :3

Ban c6 thé tham khdo thém bai viét nay vé cich cai dat thuat todn Pollard’s rho trén
may tinh Casio fx-880 BTG mdt cach nhanh chéng:
o https://giaoduc.bitexedu.com/thcs/tai-lieu-thcs/toan-thcs/hsg-casio-
thcs/bai-2-ly-thuyet-so

Tai liéu tham khao:

*
*

R/
*

https://en.wikipedia.org/wiki/Pollard%27s rho algorithm

*

e https://cp-algorithms.com/algebra/factorization.html#pollards-rho-algorithm

R/

*
*

R/
*

https://en.wikipedia.org/wiki/Birthday problem

*
*

R/
*

https://cp-algorithms.com/others/tortoise and hare.html

/7
*

K/
*

https://www.geeksforgeeks.org/dsa/floyds-cycle-finding-algorithm

/7
*

K/
*

https://en.wikipedia.org/wiki/Cycle detection#Floyd's tortoise and hare

Ngudn trich dén hinh énh:

* File:Pollard Rho.png - Wikimedia Commons

K/

RS

s File:Rho-pollard.png - Wikimedia Commons
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